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Abstract 

This publication is an exercise which extends to two variables the 
Christoffel's construction of orthogonal polynomials for potentials of one 
variable with external sources. We generalize the construction to biorthog- 
onal polynomials. We also introduce generalized Schur polynomials as a 
set of orthogonal, symmetric, non homogeneous polynomials of several 
variables, attached to Young tableaux. 



1. Introduction 

Recent progress in string theory [1] and in quantum chromodynamics [2] have 
reactualized the study of the spectral statistical properties of random matrices. 
Although most interesting results are expected from infinitely large matrices, 
exact results on the expectation values of ratios of random matrix determi- 
nants have been obtained for finite matrices, using the technique of orthogonal 
polynomials. 

In this context, considerable results [9 — 10—11] collected recently in Ref. 
[3] can be found for potentials V (x) of one variable but relatively few and recent 
results [4] are known for potentials of two variables V (x, y) or equivalently 
V (z, z*) where z = x + iy; however, such results could be of some physical 
interest, for instance, in the BMN program in string theory [5 — 6] . 

It is the purpose of this publication to extend to potentials V(z,z*) with 
external sources, the known results for potentials of one variable. Later on, as 
it is already done for potentials of one variable, we expect to generalize this 
structure to potentials V (z, z*) with external sources both at the numerator 
and at the denominator, using the so called Cauchy transform. 
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This text is organized as follows: the various results arc collected in Sect. 1, 
2 and 3; the proofs are exposed in Sect. 4, 5, 6 and in the appendix. Finally, 
a discussion is proposed in Sect. 7 on orthogonal polynomials for potentials of 
one and two variables. 



The construction of orthogonal polynomials for potentials of one variable 
with external sources is described as follows: given a real potential V (x) which 
admits an infinite set {p n (x)} of orthogonal monic polynomials (n is the degree 
in x of the polynomial) satisfying 



J dx p m (x) p n (x) e v( - x) = h n S n 



(1) 



we consider L external sources an d we look for orthogonal monic 

polynomials q n such that 



/ dx q m (x; Q q n (x; £J JJ (x - £J e v{x) = k n (£J 6 nv 
J i=i 

The solution to this problem is known since Christoffel [7] and reads 

Pn+L(x) Pn+L^i) ... Pu+l{S,l) 



(2) 



n 

1=1 



Pn+l{x) Pn+l(£l) ••■ Pn+l{£, L ) 
Pn(x) Pn(Zl) ••■ Pn(£, L ) 



where the determinant 

[n,L] &) 



[n,L] &) 
(3) 



(4) 



Pn+L-l{£i) ■■■ p n +L-l(£ L ) 
Pn(£l) .» Pn{£, L ) 

is needed to make the polynomial q n (x; £J monic. 

The determinant in (3) is a polynomial in x of degree n + L which vanishes 

L 

for x = £j, i = l,...,L; therefore, it can be divided by TT (x — £j) to give a 



i=l 



polynomial in x of degree n. The proof of orthogonality is very simple: we 
suppose in (2) that m < n 



L 



Pm (x) + ^ a r (£J p r (x) 



(5) 



r— m— 1 

n+1 



i=l 



Pn+L (x) + br Pr ( X ) 

r— n+L — 1 

, , ,L [n+l,L] fc) 



(6) 
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The orthogonality of the polynomials p n (x) ensures the orthogonality of the 
polynomials q n (x; £J . 

The pseudonorm k n (£,) is found to be the ratio of two determinants 

Mft) = (-) L ^ [n t)un ™ 



Now we state a similar result for real potentials of two variables x and y. 

We introduce the complex variables z = x + iy, z* = x — iy, and we consider 
a real potential V (z, z*) which admits an infinite set {p n (z)} of orthogonal 
monic polynomials 



J J d 2 z p* m (z) Pn (z) e - v ^ = h n 5, 



(8) 



Everywhere in this text, /* (z) is a short notation for [/ (z)]* . If the domain 
of integration and the potential are rotational invariant (V (zz* j), the set of 
orthogonal polynomials are sometimes called Ginibre's polynomials [8], namely 
Pn (z) — z n (of course, the weights h n are different in each case); in general, the 
polynomials are not homogeneous and have complex coefficients. 

We now consider L external complex sources an d we look for 

orthogonal monic polynomials q n (z; such that 



i=l 

We show in Sect. 5 that the solution is given by the polynomials 

Q n+L {z;£*) Qn+L(Cl,Ci) ■■■ Qn+L{S, L ;Ci) 



(9) 



(10) 



where the determinant 

Qn+L-l (Ci;^*) ••• Qn+L-l{£, L \Ci. 

<n,L >(&;£) = 

Qni^a) ... Q n {Z L ;Ci) 

is needed to make the polynomial q n (z; ^; £*) monic. 



(11) 
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The polynomials Q n (z; £*) are monic, of degree n in z and are denned from 
the property 

J J d 2 z p* m (z) Q n (z; £*) n (z* - en e~ v ^ = for m < n (12) 

and of course the corresponding complex conjugate properties. The proof of the 
orthogonality of the polynomials q n (z; £*) is exactly similar to the proof for 
a potential of one variable but here, of course, it relies upon the existence of the 
polynomials Q n (z;£*) satisfying (12). It is the purpose of Sect. 4 to show the 
existence, to construct and to give the properties of the polynomials Q n (z; £*) . 
For one external source £ we show that 



Qn 



K n (z,e) 



Pn (0 



(13) 
(14) 



In the general case with L external sources, we prove that the monic polynomials 

Pn+L-l (£l) ••• Pn+L-l 



Qn (*;£) 



Pn+1 (£l) 



(15) 



satisfy (12) and are unique. Clearly all K n (z,£*) in (15) could be replaced by 
the corresponding set K q (z, £*) for any q satisfying n < q < n + L. 

We show in Sect. 5 that the polynomials q n (z; £,;£*) may be written as 

Pn+L(z) Pn+L^i) - Pn+L 

K n+L - 1 (z,Ci) ^n+L-l ••• K n+L -1 

K u+L - 1 (z,Cl) K n+L-l{£,i,Ch) ■■■ 
L 

X Il^-^r 1 • [dctifn+L-lfc,^)]" 1 (16) 
i=l 

This result has been obtained by Akemann and Vernizzi in Ref. [4] (in their 
work K n (z,£*) is called K n+ \ (z,^)). 



The norm k n (Ci! £*) m (9) is proved to be 

det K n+L (£j,Cj) 



kn (£jj £,i ) 



ln+L 



det X„+L-l 



(17) 
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as conjectured by Akemann and Vernizzi [4] who verified this formula up to L = 
5. The results of this section are generalized below to biorthogonal polynomials 
and all proofs in Sect. 4 and 5 are performed in that case. 

2. Biorthogonal Polynomials 

Given two set of external sources Vli) ano - (£i> ■■■> £l 2 ) > we generalize 

the above constructions and define two sets of biorthogonal monic polynomials 
q n (z; £ 4 ; r}*) and q n (z; 7^; £*) satisfying the orthogonality relation 



//' 



d 2 z q* m (z; m ^*) 9n \{ (z* - ry*) J] (z - Q e~ v ^ 

i=l i=l 

= MM) S nm (18) 

For simplicity, we use the same symbol q n for the polynomials q n (z; £j; r/*) and 
In {z~, rjf, !;*) although they arc different functions depending of the number of 
variables r\ i and The pseudonorms k n are complex and may vanish 

on some manifolds of the space. The uniqueness of the biorthogonal 

polynomials supposes that we consider generic values of the sources £j and rj* 
where the norms do not vanish. 

The polynomials q n {z;^;^*) are naturally given by 

Qn+L 2 {z\r]i) Qn+L 2 {^Vi) •■• Qn+L 2 L 2 , Vi) 

qn{Z ^^ ] = Qn+l(z;r,*) Qn+li^V*) ... Qn+1^L 2 ;V*) 

Qn(z: V *) QnfoWi) - QniW'Vi) 
L 2 

x II( Z -^) _1 • [<n,L 2 >(Z i ; V *)}- 1 (19) 
1=1 

and correspondingly, the polynomials q n (z; £*) are obtained from the polyno- 
mials q n (z; 77*) by exchanging the £'s and the 77's, an operation which implies 
the exchange of L 2 and L\. In (19), < n, L 2 > 77*) is defined as 



< n,L 2 > (&;C 



Qn+£ 2 -lKi;»?i) ••■ Qn+L a -l(^£ 2 ;»?i) 



(20) 



The polynomials Q n (z;r}*) and <3 n (<£;£*) are respectively defined by the 
following properties: for m < ra 



// 
// 



d 2 z p* m (z) Q n (z;£) e ~ ViZ,Z ' } = ( 21 ) 

i=l 

d 2 z p* m (z) Q n (z; V *) }J(z*-V*) e- V{z - r) = (22) 
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and the corresponding complex conjugate properties. Again, by simplicity, we 
use the same notation Q n in (21) and (22) although they are different functions 
depending of the number of variables r] i and £ 4 . 

The proof of the orthogonality of the polynomials q follows the correspond- 
ing proof for the potentials of one variable; the existence, the construction 
and the properties of the polynomials Q are given in Sect. 4. The polynomi- 
als q n (z; £i;ri*) take two different forms depending of the relative values of L\ 
and L2; if L\ < L2 



Pn+L 2 (z) 
Pn+L, (z) 



Pn+L 2 (£1) 
Pn+L, (£l) 



K n+Ll -i {z, rf{) K n+L ^i 
Kn+Lx-1 (z, V* Ll ) K n+Ll ^ (^,V* Ll ) 

L 2 



Pn+L 2 (Cl 2 ) 
Pn+Li (Cl 2 ) 

K n+Ll -i (£l 2 ,V*i) 
K n+Ll -i {Zl 2 ,V* Li ) 



(23) 



and if L\ > L2 + 1 



l n+L 2 



U(z-^) 



Pn+ Ll -1 (Vl) 
Pn+L 2 + 1 Oh) 

K n +L 2 (z,r/l) 

Kn+L 2 ^!,V*l) 
Kn+L 2 (tL 2 ,V*l) 



D 



n+L 2 - 



-1 {Vi-,Ci) 



Pn+ Ll -1 (V L1 ) 
P*n+L 2 +1 (VlJ 

K n+ L 2 (z,V* Ll ) 

Kn+L 2 (tl,V* Ll ) 
Kn+L 2 {^L 2 ,V* Ll ) 



(24) 



where the determinant D n (£ f ; 77*) is defined for L\ < L2 and becomes D* (rj^; £*) 
for Li > L 2 . In (23), 



Pn+L 2 -L! (£1) 

Pn+1 (£l) 
#n(£l,»tf) 



• Pn+L 2 -L 1 {£,L 2 ) 

Pn+1 (Cl 2 ) 

• ^n(^ 2 ,r?f) 

• K n ^ L2 , V * Li ) 



for < L 2 (25) 



Clearly, any line of K n can be replaced by the corresponding line of K n+q 
with < q < L2 — L\. We show in part 2 of the appendix that D n (^; rj*) = 

Li-l 

for n < Li - 1 and that L> Ll _i (&; 77*) = |] ^ A* (ryj A (£J where A is the 

fc=0 
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Vandermonde determinant denned in (34). Also in (24), 



P*n+L t -L 2 
Pn+1 (Vl) 



P*n+L 1 -L 2 (^Li) 
Pn+1 (V L1 ) 

K n {^L 2 ,V* Ll ) 



for L x > L 2 (26) 



Again, any line of K n can be replaced by the corresponding line of K n+q with 
< q < L\ — L 2 . Similarly, we have D* — for n < L 2 — 1 and 

1-2-1 

The pseudonorm k n rj*) is found to be 



MM) = H 
MM) = (-) il+i2 



-^1+^2 I 



1 D n+Ll _i (^; r}*) 

D *n+L 2 (Vi^Ci) 



for Li < L 2 (27) 
for Li > L 2 (28) 



If Li = L 2 we recover the result (17) with the £* replaced by the rj*. 



In Sect. 6 we apply the above formalism to the calculation of the integrals 
of the form 



In,l 2 ,l ± (Cb^a) 



N 



n^n 



Zi — Zj 



Htf-nDizi-h) e-^n^r) (29) 



i<j 



where i and j run from 1 to N, a from 1 to L\ and b from 1 to L 2 . These integrals 
are the generalization to potentials of two variables of similar integrals with 
potentials of one variable which have been expressed by Brezin and Hikami [9] 
as determinants of the corresponding orthogonal polynomials. The expressions 
(31-32) have been obtained before by Akemann and Vcrnizzi [4] . 

It is easily proved, from the property of the Vandermonde determinant (34) 
and from the biorthogonality of the polynomials q n (z; rj*) , that 



N-l 



In,l 2 , Li (&;»£) = N\ J] MM) 



(30) 



n=0 
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This result can be transformed in terms of the determinants D n (£ b ;r]*) for 
Li < L 2 

,_sN(L 1 +L 2 ) N ) JV+Li-l 

In,l 2 ,Li (£.b: V* a ) = A „ ^ ^ A ^ ' II ft» Dn+^-i^vI) (31) 



and£>*(»7 a ;^) for Li > L 2 

•_^JV(L 



/_xJV(L!+I, 2 ) ^y, 

lN,L 2 ,LA£ b ;V*a) = A* f n ~i A \ ' II ^ ^W+L.-l faaSffc) (32) 



i=0 



3. A Generalization of the Schur Polynomials 

We generalize the definition of the Schur polynomials of several variables 
(xi, x n ) to a set of orthogonal, symmetric and non homogeneous polynomials 
of several variables attached to Young tableaux. We define 



Px (Xi) = 



det px, 



-\-n—i 



( Xj ) 



(33) 



where A is a Young tableau described by the length of its rows Ai > A 2 > ... > A„ 
and A (a;,) is the Vandermonde determinant corresponding to the empty Young 
tableau 

7T„_1 (Xl) ... TT n -l (x n ) 



A(zj) = Y[(xi-Xj) = 



i<3 



7TQ (Xl) 



TTO (X n ) 



(34) 



for any set of monic polynomials {ir n (x)}. In the case where the polynomials 
p n (z) are Ginibre's polynomials, the polynomials P\ (zi) are Schur polynomials. 
The orthogonality of these polynomials is expressed as 



/ /n^n 

J J i=l i<j 
N 

= Nl Y[h\ i+N -i <5 M „ 

i=l 

An important relation proved in Sect. 6 is 



\ z i - z j\ P l ( z d P v ( z ») e 



(35) 



N L 

nn^-^)= e n NL - w Px(zi) Py(u (36) 

i=lo=l Ae[JVxL] 

where the Young tableau A' is obtained from the Young tableau A by exchanging 
the rows and the columns, and A' is the complementary Youg tableau of A' in 
the rectangle [I x JV]; the surface of the Young tableau A is denoted by |A| . 
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Most of the results of the preceding sections can be expressed in terms of 
the generalized Schur polynomials. For instance 



[n,L]&) = A&) P [Lxn] (Q (37) 

where [L x n] is the Young tableau corresponding to the rectangle with L rows 
and n columns. Also the polynomials Q n (z; r)*) are found to be 

h " 1 

Qn (*; rH) = " £ j- Pj (z) Pf Lxn]] fa) (38) 

where the Young tableau [L x n]- is the union of the rectangle [L — 1 x n] and 
of the smallest row Al = j- Now, from (62-63) and part 2 of the appendix, we 
get for Li < L 2 



< n,L 2 > „?) = J] h ^ 

Ll 1 

x E n j, : p a ivi) P[{(l 2 - Li )xn}uA] &) (39) 

Ae[Li xn] t=l 

and for Li > L2 

l 2 -i 



< n,L 2 > = Afe j ^ 

r [iix»] ^ i=0 



X E II ^x-^xnJUA] foi) fe) (40) 

AG[L 2 xn] 1=1 

The polynomials q n (z;^ i ;r]*) can also be expressed as the ratio of two such 
expressions; for L\ < L 2 

Li 

EAe[L!Xn] II h Xi + Ll -i P A (%) P [{(L 2 -Li + l)xn}uA] (z,Q 

Qn (z; vt ) = ^ 

Sag[Li xn] II hAi + Li-i P A (»?i) P [{(L 2 -L 1 )xn}UA] 

(41) 

and for L\>L 2 + l 

A 

Qn(z;^i;v*) = K+l 2 -g 



L 2 + l 



i4 = 



e nr— 



Ae[(L 2 + l)xn] i=l + 
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L 2 

B = E II/— — ^k-L.Jxn^M ^(O 

Ae[L 2 xn] i=l 

(42) 

In (41) and (42) the denominators make the polynomials q n (z; ^r]*) monic. 
Similarly, the pseudonorm k n (£,;??*) becomes for L\ < L 2 

MM) = (-) Ll+i2 K +Ll § 

Ll l 

C = E n I; P A (»7i) ^{(i2-Li)x(n+l)}UA] 

Ae[L lX („+i)] i=i ,tA -+ L i- J 

Li , 

D = E III P A*(%) ^{(^-LOx^UA] (43) 

Ae[Li xn] »=1 

and for L\ > L 2 

MM) - (-) Li+L2 ^ +L2 I 



£ = 



L 2 j 

E n^- . • P [{(L 1 -L 2 )x(n+1)}UA] fai) ^ &) 

A€[i 2 x(n+l)]i=l A ' + L2 - 4 



F = E UhT 1 — ^-L^n^fe) M£i) (44) 

AG[L 2 xn] i=l 



Finally, we can also express the integrals (29) in terms of the generalized 
Schur polynomials; from (31-32) and part 2 of the appendix we obtain for Li > 
L 2 

N+L2-1 

lN,L 2 ,LAH b ;V*a) = (-) Ar(il+i2) TV! 1] hi 

i=0 

L 2 

. ^[{(Li-Z^xA^UA] 

xe[L 2 xN] i=i nx >+ L i-* 

(45) 



and for Li < L 2 



N+L-l-1 



i=0 

Ll 1 

X E III P A(^a) P[{(L 2 - Li )xN}um(U) 

X &[Ll xN] i=l ^+^1-* 
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(46) 



4. The Polynomials Q n (z;g) 

In this section, we look for monic polynomials Q n satisfying the 

condition (12). We first show that the polynomials defined in (15) satisfy the 
condition (12); then, we prove that this solution is unique. First, we define the 
matrix elements 



A n>m (£j ) 



d 2 zp* m (z) Q n {z;Ci) e" 



-V(z,z*) 



(47) 



which are zero for m > n. From (15) we obtain 

Pn+L-l(Sl) •- P*n+L-l(^L) 



A n ,m ) 



P*n+1 (£l) 
P*m (£l) 



Pn+1 (Cl) 
P*m 



for m < n + L 



(48) 



Clearly, this determinant vanishes for n < m < n + L. However, it shows that for 
m < n + L the elements A n ^ m (£*) are linear combinations of the polynomials 
Pm (Ci) ; * — 1j ■••) ^ with L coefficients indcpcndant of m. 

From the property (34) of the Vandermonde determinant we may write 



Pm (Z)Y[(Z-Q 



Prn+L(z) p m+L {n) 



* Mi) 

Prn+L (r III ) Pm+I (Cl) 



PO (^) 



Po (n) 



Po {r-n 



PO (£l) 



Pm+L (£ L ) 



(49) 



where r l7 ...,r m arc the roots of the polynomial p m (z) and A(r i ,^ J ) is the 
corresponding Vandermonde determinant. We now calculate the integral (12) 
for m < n; we find [A* (ri,£j)] times the determinant 

A n , m +L (£, ) Pm+L 

A»,o(£) Po(ri) P* (r m ) pS(^i) ... p5 

(50) 

This determinant is zero for m < n since, for q < n + L, the elements ^4n,<j (CD 
are linear combinations of the polynomials p* (^) , j = 1, ...,L with the same 
g indcpcndant coefficients. This achieve the proof of (12) for the polynomials 
(15). 
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Before proving the unicity of the polynomials Q n (z; £*) , we prove that the 
integral 



J Jd 2 z p* n (z) Q n (z;Z*) J] (**"£) e~ v ^ = (-) L h 



l , [n + l,L]*& 



(51) 



This integral is calculated exactly as above with m replaced by n; since L > 
we obtain [A* (fi,^)] times the determinant 

K+lM - P*n+L( r n) Pn+L - K+L (fi) 

■"-n,n-VL—\ (£j ) Pn+L-1 -■ Pn+i-l( r n) K+L-l(£l) -■ Pn+L-l(^L) 

A»,o(£) Po(n) ... P5(r„) pS(^i) - p8(£J 

(52) 

The same combination of the p* (£J which makes the A„ j9 (£*) for g = 
0,...,n + L— 1, transforms (52) into 

Bn,n+i(£) K+Z>l) - K+lK) K+i(Cl) ••■ K+L Ki) 
K+L-l( r l) - K+L-lM K+L-l(Cl) - Pn+L-liU) 

pg(ri) ... pS(r n ) - p5(Cl) 

(53) 

which is simply equal to A* (r%,£j) Bn.n+i (£*) with 

#n,n+L = (-) h n — * (54) 

[n,L (&) 



This ends the proof of (51) . 

We now prove the uniqueness of the polynomials Q n (z;£*) . The proof is 
a recurrence: Qo (z;£*) = 1; let us suppose that there exists two polynomials 
Qi i z 'id) an d Qi { z ]Ci) i by difference we obtain 

L 

d 2 z Y[ (z*-Ci) e~ y(z ' z * } =0 (55) 

i=l 

which, from (51), is equivalent to [1,£]* (£J = 0. Of course, this is wrong for 
generic values of the variables £j. 

We suppose now that we proved that the polynomials Qk (z; £*) are unique 
for k = 0, n — 1 and consequently given by (15). If there exists two polyno- 
mials Q n {z; £*) and Q' n (z; £*) , then by difference, we have 

f I ' d 2 z pl(z) Q n -i(z;&) Y[(z*-ei) e- v ^=0 for fc = 0,...,n-l 

•* •* i=l 

(56) 
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Because of the recurrence, the unique polynomial Q n -i fa CD which satisfy 
(56) for k = 0, ...,n — 2 is given by (15); Consequently, for k = n — 1 equation 
(56) is equivalent to [n, L]* (£J = which is wrong for generic values of the 
variables £j. 

This ends the proof of the uniqueness of the polynomials Q n fa£*) . 

We now establish a first relation for the pseudonorm k n fa ; rj* ) . From the 
definition (18) we easily obtain two relations 

_ ( } <n,L 2 >fa;r?*) 

x f fd 2 z p* n (z) Q n (z; V *) fj V-Vi) e- v ^'\57) 
, (f _ c <n+Ma >* fa; &) 

x f f d 2 zQ:(z;£) Pn(z) e~ v ^'"> (58) 

From (51) we may write 



k (f n*) - ( ) Ll+L2 h t n+1 ' Ll ]*fa) 

K^l] fa) 

;; <n+l,L 2 > fa;??*) 
< n,L 2 > fa;??*) 
, *>. _ f ^i+L 2 , [n+ 1,L 2 ] fa) 

x <rc + l,L 1 >» fafa) 
< n,Li >* fa; ^*) 

These relations will be transformed further later on. 



(59) 



(60) 



5. The Polynomials q n (z; £ 4 ; 77* ) 

In this section, we calculate the determinants < n, L 2 > fa;?7*) defined in 
(20) for the pair of variables t] Ll ) and (d, £l 2 )- From (15), we see 

that for L\ > 1, the polynomials Q n fa r}*) can be developped as 

Qn(^V*) = ] z E(-) Ll ^ 3 [n+ 1,^-1]^ fa) K q ^ V *) (61) 

[n,Li\ fa) 

for any g such that n < q < n + Li . The symbol [n + 1, L\ — 1]*. fa) means that 
the column corresponding to rjj is ommited in the determinant; by convention 
[n+l,0]|fa) = l. 
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The rather lengthy calculation of < n, L 2 > (^; rj*) is given in part 1 of the 
appendix; the expression of the result depends whether L\ is larger or not to 
L 2 . We find 

£1-1 

] [ Ki+i 

< n,L 2 > (^tj*) = l =° £> n+Ll -i (tirfi) for L 2 > L\ (62) 

L 2 -i 

< n,L 2 > (^r?*) = *=* £>;+l 2 -i faiff) for L 2 < £1 (63) 

[n ;J Lij 

where the determinants Z?„ an d D* (r/^^*) are defined in (25-26). 

From (19) we may write the polynomials q n (z; ^r]*) as 

^ Z ^) = - <n,L 2 >(^*) < M > 



=1 



and from (62-63) we obtain the expressions (23-24). We also get from (59-60 
the pseudonorm k n {£,1^*) as in (27-28). 



6. Applications 



We exploit the existence of the biorthogonal polynomials to calculate the 
integrals (29). We write 



Zj\ = 



1<J 



ftv-ifci; &;»?*) ... q N -i (z N ; 77* ) 



9o (21; &;»?*) 



qo(z N ;£i;r)*) 



(65) 



Then, we obtain (30) by developping the determinants and by integrating 
over each variables Zi using the biorthogonality of the polynomials q n . 



N L 



Now, we establish the relation (36) between J] j^J (zi — £ ) and the gener- 



alized Schur polynomials (33). First, we write 



i— 1 a— 1 



N L 



A( Zi ) A(unn^-^)= 



i—l a— 1 
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Pn+l-i{z\) ••• pn+l-i (zn) pn+l-i(£i) 



Pa (zi) 



Po (zn) 



Po (£1) 



PN+L-l (Cl) 



(66) 



Then, we develop the determinant by separating the Zi part from the £ part. 
We get 



Eh 

In 



•(In) 



A( Zi ) A(uf[f[(zi-U = 

i—l a—1 
Pi N (zi) ... Pi N [z N ) 



p h (zi) ... p n (z N ) 



PjL (£1) 
Ph (£1) 



PjL 

Ph 



(67) 



where we sum over all subsets of N indices In — {h < ■■■ < «iv} 

C {0, ...,N + L — 1} and where {j\ < ... < ]l} is the complementary subset; 
the signature for the sign is 



a (U) 



N(2L + N -1) 



JV 



a=l 



(68) 



Now, we dchne two Young tableaux A and // from the length of their rows 

Ajv-a+i = ia-a + 1 a = l,...,N (69) 
VL-b+i = jb-b+1 b=l,...,L (70) 



We observe the relations 

N L 



a=l 



6=1 



|A| 

H 



(N + L) (N + L - 1) 



N 



o=l 
L 

6=1 



N(N-l) 



L(L-l) 



(71) 
(72) 
(73) 



so that |A| + \fi\ = NL. 

Clearly, the Young tableau A belongs to the rectangle [N x L], and the 
Young tableau /i belongs to the rectangle [L x N] . Now, we show in part 3 
of the appendix that the complementarity of the indices {i a } and {jb} makes 

[i = A' as defined in Sect. 3 (36). Consequently, (67) is nothing but (36). 

We may now calculate In,l 2 ,L! Va) fr° m the orthogonality property (35) 
of the polynomials Pa (zi); we obtain 

JV 

In.l 2 , Li {Z b ;vl) = (-) w(Ll+L2) M Yl H^+N-i P% (&) P~, (Va) 

Xe[NxL}i=l ' 1 

(74) 
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where A^ and X' 2 are the complementary Young tableaux of A' in the rectangles 
[Li x N] and [L 2 x N] respectively and where L — Inf (Li,L 2 ) ■ We thus obtain 

(45) or (46) by relabelling X[ or A' 2 as A depending whether L\ > L 2 or not. 

Both formulas, (45 or 46) and (74), agree because of the following property 
proved in part 3 of the appendix: given a Young tableau A in the rectangle 
[L x N] and the corresponding Young tableau /j, = A' in the rectangle [N x L] , 
then 



N 



L+N-l 



(75) 



7. Discussion 

Given a positive Borel measure \i (x) on the real line and its set of 
orthogonal, monic polynomials {p n (x)} satisfying 



/ 



Pn (x) p m (x) dfl (x) = h n 6 r , 



we define two operations: 



operation 1 : dfi 1 (x) = (x — dfi (x) 

operation 2 : d[i 2 (x) = — - — da (x) 

x — y 



(76) 

(77) 
(78) 



Although a 1 (x) and fj, 2 (x) are not positive Borel measures, operations 1 and 
2 transform the set of orthogonal polynomials p n (x) into new sets of orthogonal 
monic polynomials defined as 

- operation 1: 



Pn (x) 



q n (x) 



kn (0 



Pn+1 (x) Pn+1 (0 
X - £ Pn (x) Pn (0 

_ , Pn+1 (Q 

n lt-\ 
Pn (0 



Pn (0 



(79) 
(80) 



- operation 2: 

Pn (x) -> q„ (x) = 
h n -» k n (y) = 



Pn (x) h n (y) 
p n -! (x) h n -t (y) 

h n {y) 



1 



ln-1 



h n -i (y) 

n>0 



hn-i (y) 

where h n (y) is the Cauchy transform of p n (x) defined for y £ R as 

' Pn {x) 



n>0 (81) 
(82) 



2m J x - y 



(83) 
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Of course, qo (x) = 1 and ko (y) = 2iw ho (y) ■ 



Successive iterations of operation 1 generate Christoffel's results (2-3) and 
(7). As an application, we obtain Brezin's and Hikami's result [9] 

r r N N L 

... mdvixi) Hixi-xjf nn 

J J i=l i<j i=lo=l 



N-l 



N-l 



ni n fc « «.) = ^ ! n 



(84) 



n=0 



n=0 



Successive iterations of operations 1 and 2 generate a set of orthogonal monic 
polynomials described by Uvarov [10] , namely, for a given set of external sources 
•••>£.£,) & t the numerator and (j/i, j/m) at the denominator, we have 



n (*-€*) 

/ (a;) 9n (a;) <? m (x) ^ = fc n y 3 ) 5 n 



(85) 



n f j) 



The orthogonal polynomials are, for n > M 

L 



q n (x) = l[(x-Q- 1 [[n-M^ + M]^)]- 1 x 



i=i 



Pn+L(x) Pn+L^l) ■■■ Pu+L^l) K+L (j/l) ••• K +L {y M ) 

Pu-m{x) Pu-m (Ci) ••• Pu-m^l) h n - M {yi) ■■■ h n - M (yM) 



(86) 



and 



fc n Ui,%J - (-) n-n-M — f ^ 7T r~ (87) 

[n — M,L + M] {^yj) 

where [n — M, L + M] (£i',yj) is the minor of p n +L (x) in the determinant (86). 
For n < M equations (86-87) are replaced by 



qn (x) = n (* [[n ~M,L + M] y^ 1 



i=l 



Pn+L (x) p n +L (£l) 

Po(x) Po(£i) 












Pn+L ^n+L (j/l) 

PO (Cl) ^0 (2/1 ) 

PM -n-l (Vl) 







Po (2/i 



K+L (Vm) 

ho (j/m) 

PM-n-l (Vm) 



po (y 



M 



(88) 
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and 

k n W ) - (-) 2,. [n _ MjL + M] ^. yj) (89) 

We find convenient to keep the notation [n — M, L + M] j/j) for the minor 
of Pn+L (x) in the determinant (88) although (n — M) < 0; in this notation, 
(M — n) is the number of lines of zeroes and of p q (y a ) and (L + M) is the size of 
the determinant. As n increases to M the number of lines of zeroes and of p q (y a ) 
decreases and that provides a natural transition from (88) to (86) as n becomes 
larger than M. As a special case, we have [— M, L + M] (C^Vj) = A (£J A (j/j) . 

We note that in Uvarov's expression for (88), p q (y a ) for < q < M — n— 1 is 
replaced by yl (which is the same situation as in the Vandermonde determinant 
and leaves the value of the determinant unchanged) . 

As a consequence of this set of orthogonal polynomials, we can generalize 
the calculation of the integrals (84) to the integrals 

N L 

n ^ nn^-o N-i 
i N = ... / n^(^) n^-^) 2 i -jtw — = m n 

*=1 i<i TTTT / \ "=0 



n n ^ - 



i=l 6=1 



(90) 



For N > M, equation (90) is 



N-M-l 



n * 



I N = N\ (-)-^~ (2nr) M A{ ^ A{yb) [N-M,L + M](^ yj ) 

(91) 

this result has been obtained by Fyodorov and Strahov [11] ; for TV < M, we 
obtain 

I N = N\ (-) LN (-)^ ii (2^ y^-j [N-M,L + M](Zi,Vi) 

(92) 

Of course, when some £'s and some j/'s are equal, equations (91-92) provide 
many relations between determinants. Moreover, if L = M, it is shown in 
the appendix (part 4) that equations (91-92) can be expressed in terms of the 
determinant of a [M x M] matrix; for N > M, 

M M 

/n-i \ nn^ -ta) 



x det 



2in H N - 1 (£ a ;y b ) 



Vb-ia 



(93) 



18 



where 



N 1 

h n (f„; Vb) = /J - ^ (O ^ (w) 



i=0 



(94) 



Similarly, for TV < M it is shown in part 4 of the appendix that 

U N -i(0i,yi) ... U N -i(9i,y M ) 



N-l 



l N 



N\ (-)" 



N(N-l) 



i=0 



A(0„) A(ift) 



where 



M 



t/Ar-i(e a , % )=n(%-^) 



U N -i {0N,yi) 
pm-n-i (yi) 

Po ) 



2iir H N -i (O a ;yj) 



Un-i (On, Vm) 
Pm-n-i (vm) 



Po (Vm) 



1 



(95) 



(96) 



and where the set of N variables 9 a is any subset of ...,£ M ) .If M = N 
there is no more p q (yj) part in (95) and we recover(93). 

Now, if we take in (90) and (93) the derivatives of In in regards to all 
variables £ a , then, if we make all variables £ a = y a , we prove in part 4 of the 
appendix that for N > M 

r r N M ( N 1 \ 

j n = ... nwn^-'i) n Err 

J J i=l i<j a=l \i=l ^ W 

JV-1 

= iV! 11^ " dct " r M(e a ;C b ) 



i=0 



where Tm (Co! Co) i s a [-^ x -^1 matrix, the elements of which are 
[T M ] aa = 2iirH N _ 1 ({ a ;U 



[T M ] a 



2 J 7rff A r_ 1 (£ a ;£ b ) + 



(97) 

(98) 
(99) 



and where " det " is a notation which means that we ignore the double poles 
at £ a = £ as we develop the determinant. Moreover, it is easy to see that the 
residues of the single poles at £ a = £ b are zero, so that the integrals (97) are 
analytic in £'s if the £'s ^ M. 



The discontinuity of h n (y) when y G R is given by (83) 
disc h n (y) = p n (y) // (y) 



(100) 
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where we use the notation d\x (y) = p! (y) dy .Consequently, for N > M the 
total discontinuity of Jjy , for a set of different real variables £'s (which is related 
to the TV-point correlation function), is 

(101) 

as already obtained in Ref. [12 — 13] . For N < M the expression for Jn is 
more complicate but the total discontinuity in that case is clearly zero. 



A similar program should be achieved for potentials of two variables 

V(z,z*). 

We consider a positive Borel measure fi (z, z*) on the complex plane and its 
set of orthogonal, monic polynomials {p n (z)} satisfying 

P*n ( Z ) Pm (z) dfi (z, Z*) = Jl n 5 nm (102) 



We define four operations: 

operationl : d\i x (z, z*) = (z — £) dp (z, z*) (103) 
operation^ : dfi 2 (z, z*) = (z* — n*) d[i(z,z*) (104) 

operation^ : dfi 3 (z,z*) = - — - — - d/j, (z, z*) (105) 

operation 4 : dfi 4 (z, z*) — — —dp(z,z*) (106) 

(z* — x*) 

Operations 1 and 2 transform the set of orthogonal polynomials p n (z) into 
sets of biorthogonal monic polynomials defined as 
- operation 1: 



Pn{z) -> q n {z;£;$) 



(z-0 



Pn+l {z) Pn+1 (0 
Pn {z) Pn {t) 



(107) 



Pn (0 



P * n (z) - &{z&0 = Q' n teC) = ^TnK(*,n (108) 

Pn {£,) 

h„ - k n (£) = -h n ^±^f (109) 

Pn (s) 

In (107-108), $ means an empty set of variables, Q n and K n are defined in 
(13-14) and have the property that 



/ 



Qn(z;C) Pm(z) dfi(z,z*) = for TO < n (110) 
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- operation 2: 

p n (z) -> q n {z;$;rf) =Q n {z;rf) 



1 



&n (»?*) = -K 



(z* — rf) 

Pn+l (V) 
Pn (V) 



Pn+l ( z ) Pn+l (V) 
Pn ( z ) Pn (V) 



Pn (V) 



(111) 
(112) 
(113) 



where, similarly to (110), we have 

p* m (z) Qn(z;vl (z*-V*) dfi(z,z*)=0 for m<n (114) 



/ 



Successive iterations of operations 1 and 2 is the purpose of this publication 
and generate the biorthogonal polynomials q n (z; 77* ) and q n (z; rjf, £*) de- 
scribed in (18-19). Operations 3 and 4 are beyond the scope of this publication 
and might be described in a near future. 
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Appendix 



Part 1: Given two sets of source variables ■■■,rj Ll ) and ■■■,S,l 2 ) > tms 
part of the appendix is devoted to the calculation of < n, L2 > (^; r?*) defined 
in (20). 

1°) We first suppose that L 2 > L\. From (20) and (61) we write 
< n,L 2 >(£ i ;r 1 *) = if ] jTxU \ 



Li L 

{jk} = l k=l 
K n+L2 -i (Ci,^) 



J] [„ + l + £2-^ -!]£(„.) 



Kn+ Ll Ul,V* jL2 _ Ll ) 
■n+Li-1 (?l'^i 2 -i 1 + i) 

Kn+ Ll -1 (tl,Tlj L3 ) 



Kn+ Ll U L2 ,V* jL2 _ Ll ) 
n+L x -l (£L 2 ; ? 7j [2 _ I , 1 + 1 ) 

Kn+ Ll -1 (t L2 ,V* jL2 ) 



(Al) 



21 



where we sum over all indices {ji, jl 2 } running from 1 to L±. In the L\ bottom 
lines of the determinant, the rj* variables in the functions Kn+^^x take all pos- 
sible values n\, r]* Li . Consequently, K n+ L 1 {^i^ r lj L2 _ Ll ^j can be replaced by 



— ; furthemorc, K n+ L 1+ i (s,i, r l*j L2 _ Ll _^j can be replaced 



by 



p„+L 1+ i(ii) p" n+Ll+1 {v 



since the terms p„+Li (£,) are now propor- 



tional in the lines n + Li and n + Li + 1. The argument follows up to N + L 2 — 1; 
we may now write 



L 2 -l 



< ■ = ] j 



h 



E (-) 



_\L 1 L 2 -'£ 3k 



n + i,L{\* (rji) 

Ll Pn+L 2 -k fefc) 



fe=l k=l n n+L 2 -k 

Pn+L 2 -1 (£l) ••• Pn+L 2 -1 (Cl 2 ) 



(£l) 

#n+Li-l (fl>»& 2 ) 



^n+Li-l (^2'^\ 2 -L 1 + l) 



(A2) 



Concerning the indices {ji, 3l 2 -Li\ we develop fa) defined in (4) in 

regards to the elements p* (77 ■) 



[n,L]*fa) = £(-) L - j [n+l,L-l];?fa) Kfe 



(A3) 



where the notation [n + 1, L — 1]^ fa) , already described below (61), means 
that the column relative to the variable 77* has been ommitted in the determi- 
nant; concerning the indices {jl 2 -l 1 +i 1 ■■■■,3l 2 \ we use the antisymmetry of the 
determinant to order the set \jl*j L2 _ Ll+1 i Vj L2 j mto the set {r^, r]* Li } . We 
get 



< n,L 2 >(&;»£) = (-) 

n + Lx, ^ - l]i fa 



Li-1 



n 



hn-\-i 



£ [n + i.Li]*^) 
[n + Li.Li-l^fa) 



n+l,Li-l]£- fa) 
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Pn+L 2 -1 (£l) 

Pn+L ± (Cl) 
K n+Ll -1 



Pn+L 2 -1 (Ci 2 ) 

Pn+ii (Cl 2 ) 
X'n+Li-l (^ a .»?l) 

X'n+ii-l (Zl 2 ,V* Li ) 



It is the purpose of 3°) of part 1 of this appendix to prove that 



n + Li.Li-l]^^) 



n + l.Li-l]!^) 

Li-l 



n + l,Li-l£ fa) 



- (-)■ 



J] [n + i.Li]*^) 



Using the definition (25), we just finish the proof of (62). 
2°) We consider L 2 < Li.From (20) and (61) we write 



L 2 -l 



< n,L 2 > (£;!??*) = 11 F , t ' , 

f = o [n + t,Li] {Vi) 



x E (-) 

b fc }=i fe=i 

K n+L2 -! (fi,^) 



X 



(A4) 



(A5) 



(A6) 



where we sum over all indices {ji, ji, 2 } running from 1 to Li. In (A6), the 
antisymmetry of the determinant in regards to the exchange of the variables 
rj*. is such that we may reconstruct a determinant from the sum of products 

[n+l + L 2 - fc.ii -l&fa) 



L 2 -l 



< n,L 2 > = JJ 



E (-) 



LiL 2 -zz jk 



» • ^-/-i 1 ; fa) 

[n+ l,Li-l]£fa) 
K n+L2 -i (£1,7^) 



[n + L 2 ,L!-% 2 fa) 
[n+ l,ii-% a fa) 

#„+L 2 -l (&,-,>»&) 



(A7) 
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In 3°) of part 1 of the appendix, we prove that for 1 < j\ < ... < jl 2 < £i 



[n + L 2 ,£i- - [n + L 2 ,ii-%(»7i) 



= (-Y 



L 2 (L 2 -1) 



L 2 -l 



where the notation [n + L 2 ,L\ — L 2 ]% (rjA means that the columns rel- 

ative to the variables , r^have been ommitted in the determinant. Con- 
sequently, 



£2-1 



< n,L 2 >{^-ri*) 



n,Li] {%) 

^ (_jX(Li,L 2 )-T, jk 



l<j 1 <...<j L2 <L 1 



(A9) 



where x(Li,L2) = L\L 2 — L2 ( L ^~ 1 ' _ From the definition (26), the above sum 
is nothing but D* l+L2 _ 1 (r^; £*) , developped relatively to the bloc K n+ L 2 -i by 
choosing the columns {ji < ... < jl 2 } and summing over all possible permuta- 
tions. This achieve the proof of (63). 

3°) We prove the equation (A8) which is meaningful only if L\ > L 2 . We first 
note that if L\ = L 2 equation (A8) is simply equation (A5) via the convention 

l n ^\i,...M) = L 

We introduce (L\ — L 2 ) independant functions Ni{z) for i = 1, L\ — L 2 
and we consider the sum 



J = E (-) il " Eafe Pn +Ll -1 (V ai ) -Pn (v aLl 
{<x k }=l 

A r L 1 -L 2 (?7a 1 ) - N L ± -L 2 (r] aLl ) 



[n + L 2 ,£i -%(»?<) 
[n+1, Li- 



[n + i 2 ,Li - 1] — (77,) 
[n+l.Li-lW fo) 



(A10) 
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where we sum over all indices {a\, ckli} running from 1 to L\. 



On one hand, a direct calculation shows that J is the determinant 



X, 



■n+L\ — \,L\—L 2 
-^n+Li-l.l 









*-n+L 2 ,Li — L 2 



X 



n+L 2 — l,L 1 —L 2 



X n +L 2 .l X n+ L 2 _i t i 

[n + L 2 -l,L 1 ](7 lt 











where 



Xn,Li —L 2 

X n .l 

? 

[n,Li] (%) 

(All) 



(A12) 



The question marks ? are easy to compute but useless and the zeroes come from 
the fact that we reconstruct determinants with two lines alike. The L 2 bottom 
lines of the determinant is a [L 2 x L\ — L 2 ] rectangle of zeroes and a [L 2 x L 2 ] 
triangular matrix with zeroes below the diagonal and ? above. Consequently 



L 2 -l 



i=0 



A„+L 2 ,Li-L 2 ••• ^n+L 2 ,l 



(413) 



On the other hand, we may use the antisymmetry in the indices a, of 
the determinant in (A10) to reconstruct a determinant with the p's which is 
nothing but [n,Li] (77,) ; the quantity J is now obtained from a restricted sum 
Si<ai< <a L <ii an d sucn a restriction implies a, = i. We may write J as 



^1(^1-1) 



Li-L; 



M (»7i) 
[n + L 2 ,Li-lh (»7j) 

[n+l.Li-lh fa) 



[n+ l.Li-l^fa) 



(A14) 



Then, given a set {jfe} of L 2 indices such that 1 < j\ < ... < jl 2 < L\ , we 
define {s p } as the set of (L\ — L 2 ) indices complementary of {jt] in {1, L{\ 
and such that 1 < s\ < ... < Sl 1 -l 2 < • Now, we look in both expressions 
(A13 and A14) of J for the coefficient of N Ll _ L2 (r] Sl ) ...Ni (rj SLi _ L ^j; in the 
expression (A14) we obtain 



-Ll(J-l-l) (L 1 -L 2 )(L 1 -L 2 +1) 
(-) 2 (") 



[n + L 2 , ... [n + L^-l]^ fa) 

[n+l,Li -%(»?,) ... [„ +1,^-1]^ 2 fa) 



(415) 
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In the expression (A13) the corresponding coefficient is found to be 

i=0 

Pn+ii-l (V ai ) -• Pn+Lt-1 (jl SLl _ L2 ) 
Pn+L 2 (V S1 ) - Pn+L 2 (v SLl _ L2 ) 

If we compare (A15) and (A16) we obtain (A8) up to complex conjugaison. 



(A16) 



Part 2: We calculate D n (^; 77*) and D* n (77^ £*) defined in (25-26) in terms 
of the generalized Schur polynomials (33). From (25) and (14) we have in the 
case L\ < L 2 



{a k }=0 i=l 



Pn+L 2 -L t (£l) 

Pn+1 
P«i (£l) 



P11+L2-L1 (Ci 2 

Pn+1 (ClJ 
P«i (ClJ 

Pa Ll (£l 2 ) 



(A17) 

where we sum over L x indices a k such that < a k < n. Because of the an- 
tisymmetry in the indices a k we can reorganize the sum into a restricted sum 
and wc introduce a second determinant 



D n &;r?*) 



0<aij<...<ai<n t=l 1 



Pai (»?l) •- Pai 



Paz,, (»?l) •- P* aLl (V L1 ) 
Pn+L 2 -L 1 (£l) ••• Pn+L 2 -L t (Cl 2 ) 



Pn+1 (£l) 
Pai (£l) 

Pa^ (£l) 



Pn+1 (ClJ 



(A18) 



Clearly, if n < L\ — 1, there is not enough room for the indices cufc and 
_D n (£j!»7*) = 0; if n = -Li — 1, the indices are fixed to a k — L\ — fc so that 



Li-l 



-Dii-i ^i) = ]~I ^* ^ (O w here A is the Vandermonde determi- 



nant (34). Now, for n > L\ — 1 we introduce the generalized Schur polynomials 
defined in (33) and we write for L\ < L 2 



A* fa) A(&) 



1 
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x Pa (Vi) Pl{(L 2 - Ll )x(n-L 1+ i)}ux] (&) (^19) 

where A is a Young tableau in the rectangle [L\ x (n — L\ + 1)] with the rows 
of length Xk — ak — L\ + k. 

A similar demonstration gives for L\ > L 2 and n > L 2 — 1 

L 2 



A*fa)Afe) - ^ [L ^_ L ^JLJ. hXk+L2 _ k 



e n 



X PlU^-L^n-Li+muA] (%) Px(Q (A20) 

L 2 -l 

Again, ££(„,;&*)= if n<L 2 -l and ^ 2 _ 1 (r? i ;^*)= f[ £ A* fa) A (&) . 



fe=0 



Part 3: We prove the relation (75). Given a Young tableau A in the rectangle 

[L x N] and the corresponding Young tableau \i — X' (as defined in Sect. 3 (36)) 
in the rectangle [N x L] we establish a relation between the lengths of the rows 
of A and the lengths of the rows of fi. The lengths of the rows of A are defined 
by L numbers satisfying TV > Ai > ... > A^ > 0. We define the numbers v k as 
the numbers of rows of A with length k. We have 



$>k = L (A21) 

fc=0 

N L 

fc=0 »=i 
where |A| is the surface of the Young tableau A. Finally, we define 

k 

a k = s £ j v i (,423) 

i=0 

so that (7jv = L; the sequence {<Jk} is a weakly increasing sequence as k runs 
from to N. We have the following properties: for < k < N, if v k > 0, then 

^L-a k + l = Al- CT(c +2 = ••• = ^L-ak-! = k (-424) 

with a -i — by convention. Now, we define the numbers 

cti = Xi + L-i fori = 1,...,£ (A25) 

The sequence {en} is a strictly decreasing sequence as i runs from 1 to L. 
Because of (A24), If v k > 

a L-<T fc +i to aL- CTfc _ 1 are consecutive numbers from a k + k — 1 to cr^-i + k 
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(.426) 

Clearly, the numbers on are all numbers from TV + L — 1 to at the exception of 
the set {<7fc + k} for k = 0, TV — 1. We note that if = with ^fc+i^fc-i > 0, 
we get two consecutive missing numbers <r k + k and a k -i + k — 1 = a k + k — 1; if 
p consecutive z/s are nul, we get (p + 1) consecutive numbers missing in the set 
{oti\ and belonging to the set {a k + k} . The set {<r k + k} is a strictly increasing 
sequence as k runs from to TV — 1. We may write 

{Oi} = {0, 1, 2, TV + L - 1} - {u^- 1 (crfe + fc)} (A27) 

We now consider the Young tableau A' in the rectangle [TV x L] and sym- 
metric of A with regards to the diagonal line. It is easy to convince oneself 
that 

N 

A' fe = ^z/; = L- <7 fe _i for k = 1,...,N (A28) 

i—k 

and consequently if fi = A' the lengths of the rows of \i are 

fj, k = L - X' N _ k+1 = crjv-fc for k = 1,...,N (A29) 

The sequence {/J, k } is a weakly decreasing sequence as k runs from 1 to TV. 
We define 

k = [i k + TV - k = cr W -fe + TV - k for k = 1,..., TV (A30) 
The sequence {/3 fe }is a strictly decreasing sequence as k runs from 1 to TV. 

We just proved that 

{oi}u{0 k } = {0,1,2,...,TV + L-1} {AH) 
{a0n{/3J = (A32) 

and this concludes the proof of (75). 

Part 4: This part of the appendix is devoted to the proof of the equations 
(93-95) and (97). 



1°) We first mention a generalisation of Christoffcl-Darboux relation. Given 
two sets of K variables {(,]_.. .£,k) and {rj 1 ...rj K ) , from (90-91) we may evaluate 
the following integrals as 

/. N N K N K 

... j jjd/x(a;i) n^* - ^) 2 nn (^-^a) nn^ 
J i=l i<j i=l«=l i=16=l 

N-l 
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On the other hand, we may write 

N K 



no*-^) nn^ 

i<j i—1 a—1 



{AM) 



and similarly for the r\ h part, we may introduce the Vandermonde determinants 
of the orthogonal polynomials p n (x) and integrate; we get 



N+K-l 



In = 



n * 

= An !=° V 17 — 

\SaJ \ lb) Q< J1< ... <JK <N+K-1 a=l 

PjK (£l) -■ PiK 

Pji ■■■ Ph (Zk) 

The sum in (A35) is nothing but det Kn+k-i (£ a , where 

K n (£„, Vb) = T- Pi ^ 



Ph (»7i) ■•■ Pji 0?k) 



(A35) 



(A36) 



i=0 



We just proved that 



JV+if-l 



[N,2K}(Z a ,r lb )= [] ^ det (^37) 



i=JV 



For AT = 1, equation (A37) is nothing but Christoffel-Darboux relation 
1 



Also, for N = we have 



PN+l (0 PN+l (V) 
PN (0 (»?) 



K-l 



A(UA( Vb )=l[h l det A^-i 



(.438) 



(A39) 



i=0 



2°) We wish to evaluate the integrals 



n 



4 6) (^a,y) = J dn(x) a ~\_ y K n (£ b ,x) for 6 =!,...,£ 



Clearly 



/o (y, 6)= dfi (x) (0, x) = 2ztt H n (6; y) 

x-y 



(A40) 
(.441) 
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where H n (9, y) is defined in (94) in terms of the Cauchy transform. Also, 

h {L V,0)= ( dfi (x) K n (9, x) = (y- 2iir H n (9; y) + 1 (A42) 

J x y 

We observe the recurrence relation 
/l(£i.-.£l.2/>0) = (v-^l) h-i (£i,-,£l-i,2/,0) +consi(£ 1 ,...,f 

(^443) 

where constant means y independent. It is easy to see that the constant in 
(A43) is nul if the two following conditions are fulfilled: first, n > L — 1, second 
= £ b for 6 = 1, L — 1. Of course, Jl (£i, ...,£ L ,y, 9) is completely symmetric 
in the £'s and the same result is valid for 9 = £ £ by simply performing the 
recurrence (A43) from (y — • Consequently, 



a=l 



2iir H n (£ b ;y) + for b = 1, L < n + 1 

(A44) 

Finally, using the same recurrence (A43) again, we may write for b = 1, L > 
n + 1 



o=l 



2«7T if„ (£ 6 ;y) 



1 



(A45) 



where II^ n _ 2 (y, £ Q ) is a polynomial in y of degree i — n — 2. 



3°) Now, we prove (93) for AT > M and L = M. We introduce the Cauchy 
transform (83) and we write 

[N - M, 2M] y,) = f] ( ^ / \ N M > 2M ] Ki. *i) (^ 4 6) 



From (A37), (A46) becomes 



JV-l 



M 



[A-M,2M] (C i;yi ) 



h m n 



1 f dji (xj ) 



M 



k=N-M j=l \ J 3 y] i=l / 

x dot AOv-i Kfc,^-) (A47) 



For each column of the determinant, we can perform the integration by applying 
(A40) and (A44) 



_ 1 v. M N-l M M 

' k=N-M j=l i=l 



x dot 



2i?r ifjv-i (£ k ;yj) 



(v448) 
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This achieve the proof of equation (93). 



Next, we prove (95) for N < M. The determinant [N - M,L + M] (^; yj) 
can be developped in regards to the variables p q (jjj) that is in regards to the 
C^j corresponding minors. Each minor is characterized by a set of N missing 
variables (yj 1 , ...,yj N ) and such a minor is multiplied in the original determinant 

by 

[0, L + N] Ki ; Vja ) = (-)™ A ft) f[ (± I fl {Xa _ ^ A {xb) 

(A49) 

Then, in (A49) we transform the Vandermonde A (x b ) according to (A39) 
[0,L + N] fayjj 



= (-) 

x det K N -i (9 a ,x b ) 



(A50) 



where we have introduced N variables 9 a at wishes. However, if we choose the 
set {9 a } C (£ 1; ■■■,S, L ) we may apply (A40) and (A45) in order to perform the 
integrations 



[0,L + N] (£.;!,,. J 



(_)LN A(f x JV-1 

T^Tn XT^T II h * dct ^-i Vo'Vic.) (^ 51 ) 
(2nr) A{Va) k=Q 



where 



U N ^{9 a ,y 0a ) = f[(y ja -^) 



i=l 



2iir Hn-x [0 a ;y ja ) + 



Vic - Va 



+rt?_ N _ l {y ja ,Z k ) 



(A52) 



and where the polynomial 11^2 jv-i (Vja > i s 01 degree (L — A — 1) in y^ a and 
is nul if L < N — l. Now, if we replace [0, L + N] (£,; yj a ) by (A51) in the original 
determinant correspondingly to each minor we obtain 



[N-M,L + M] fayj) 



U N -i yi) 

U N -i (6n,vi) 
pm-n-i (yi) 

po (yi) 



U N -i (0i,Vm) 

Un-i (9n, Vm) 
Pm-n-i (j/m) 

Po (vm) 



;as3) 
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If M = N the part p q (yj) is absent from the determinant (A53). We note 

that if L < M, the polynomial H-'l-n-i (Vj^k) m ^iv-i {^a,Vj) vanish in the 
determinant by linear combination of the p q (yj) for q — 0, L — N — l.This 
achieve the proof of (95). 



4°) In the case N > M, we calculate the expression J N in (97) by successive 



derivations 



■(-*). 



!«=£< 

We must calculate 

M 



of the relation (93). 



.1=1 



where 



n(-^r) A(y b ,U det\(y a -U 



2in H N -i (£ a ;y b ) + 



MVb,Za) 



M 

6=1 a =£b 



(454) 



(455) 



A(U A(y 6 ) 

In (A54), we distribute the derivatives on A (y b , £ ) and on the determinant; the 
derivative acts only on the line i of the determinant. After derivation, 

the condition y^ = £ fe transforms that line into 



2inH N -i (^;^) + 



for j i= i 



2mH N _ 1 (£ yl -Q forj 



(456) 
(457) 



Now, the lines of the determinant without derivatives are Sij when y fe = £ fe . 
Consequently, (A54) may be written 



E 



n 



d_ 



det (/) 



(458) 



where / C (£i,--,£m) an d det (I) is a subdeterminant (A56-A57) with i,j e 
I. Finally, for J C (£ 1; ■■■,Cm) wc nn d 



and if card (J) is even 

Il(-|:) 4 <»•«.> 



n(-|;) 



if card (J) is odd 



(459) 



Vk=£k 



(-y 



M (M — l) 



e n 

all pairings in J 



(460) 



32 



The equations (A58-A59-A60) prove the result (97). 
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